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1. Introduction

The recent uptick in network analysis is related to the success of combining the approaches of graph theory and
statistical physics [1-5]. Within the wide range of graphs and networks, recursive trees characterize river networks, the
evolution of biological species via consecutive mutations, and numerous other processes and algorithms [6-9]. Due to their
simple structure, many of their important features (e.g., the number of isomorphism classes) have already been clarified
in the literature of graph theory. Now we add to earlier analyses by utilizing the concepts of matrix decomposition, which
has revealed the existence of four fundamentally different types of pair interactions in (evolutionary) game theory [10-12]
and provided new insight into the existence and degeneracy of pure and mixed Nash equilibria by facilitating a systematic
analysis of interactions through the linear combinations of elementary interactions [13].

The present investigation is motivated by the simple relationship between directed graphs and games with antisym-
metric payoff matrices [14]. The payoff matrices of two-person symmetric zero-sum games [15-18] can be decomposed
into two orthogonal sets of elementary interactions that represent hierarchical and cyclic dominance. The adjacency
matrices of directed starlike graphs correspond to the basis matrices of the hierarchical component, while a suitable set of
three-edge directed graphs that each describe rock-paper-scissors-type cyclic dominance among three strategies span the
cyclic dominance component. Previous investigations [12] have already found that quantities measuring the proportion
of the hierarchical and cyclic components and the asymmetry of the hierarchical component can be successfully used to
characterize graphs describing the outcomes of round robin tournaments.

Now - utilizing the concept of matrix decomposition — we explore the possibilities of quantifying local and global
topological features of directed graphs. Our investigations are restricted to graph invariants, that is, quantities providing
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Table 1
Simple, rooted and ordered trees.
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the same value for isomorphic graphs, and focus on the properties of their distributions and ability to separate graphs
according to isomorphism class. We test the capabilities of this approach on recursive trees, the properties of which
simplify some of the necessary numerical calculations.

2. Survey of concepts and previous results

As a large number of different kinds of trees has been proposed and studied in the rich history of trees, we summarize
those trees that are related to our investigation.

A simple tree is an acyclic connected undirected graph.

A rooted tree is a simple tree with a node selected as root. The root implies a natural orientation of the edges of the
tree when either all edges are directed to the root or away from it depending on the application of the tree. In our case,
they are all directed away from the root and thus the root is the only vertex without incoming edges. The vertices without
outgoing edges are called leaves. Sometimes the orientation is implicit, not displayed in the drawing. In this case, the root
is always the top node and the edges are oriented downwards.

An ordered tree is a rooted tree where the order of the children of its nodes are given for each node.

Albeit the underlying structure of all of the above-mentioned kinds of trees are the same, the trees may differ from
each other by the assignment of the root and the ordering of the children. For example, there are three non-isomorphic
simple trees of five nodes: the path, the fork, and the star, as in the first row of Table 1. The path can be assigned a root
in three different ways. The fork has four possible roots. The star has only two. The selection of the root increases the
number of variants a tree has, whereas the symmetries of the underlying tree limit the number of variants that can be
obtained this way. We can derive various ordered trees from a rooted tree. Again, the symmetries of the rooted tree limit
the number of possible ordered variants. Thus, we can only get four ordered trees from the three rooted variants of the
five-node path.

From the fork, we can get 4 rooted trees and from them 8 ordered trees.Table 1 depicts all variants of five-node trees
in these three categories.

Random recursive trees are a widely studied subject [19]. Their various average features as random trees, such as
depth [20], profile (the distribution of nodes on the levels of the trees) [21], number of leaves [22], isomorphism [23,24],
and cycle analysis [25] have been investigated.

Starting from a fixed ordered list of nodes, the first of which is the root, we build a tree by sequentially adding nodes
to the tree, connecting it to a previously added node. If the selection is random, then we obtain a random recursive tree.
The ordering of the children of a node may or may not be important.

Historically, if the ordering of the children is important, it is represented by drawing the tree in the plane with the root
at the top and the other nodes drawn below their ancestors putting the children in the required order, and this is reflected
by their traditional naming: plane oriented recursive trees (or PORTs). They may have different embeddings depending
on the ordering of the children of the nodes. In non-plane trees, where the ordering is irrelevant, plane embeddings are
used only to visualize the trees, but for convenience an increasing order is usually still adopted for the children. Plane
embeddings, however, are not directly usable for computer processing, so other representations are needed. Non-plane
tree can be represented by an adjacency matrix, the rows of which contain the sets of child nodes for each node. This is
not possible for PORTs as the adjacency matrix stores no ordering information. Adjacency lists are capable of containing
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Table 2
Ordered and recursive trees.
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this additional information without having to refer to plane embeddings. When adding a new node to a recursive tree, it
is either appended to or inserted into the list of its would-be siblings. If it is appended (non-plane tree case), the number
of new connection slots are increased by one, if it is inserted (PORT case) the number of slots is increased by 2, regardless
of whether the parent is a leaf, internal node, or the root. So the total number of non-plane recursive trees is (n — 1)!,
and that of PORTSs is (2n — 3)!!.

The indices of the nodes are frequently considered labels of the nodes. By construction, in a recursive tree the labels of
all nodes (except the root) are greater than the labels of any of their ancestors, so going down the tree we find increasing
labels. In non-plane trees this is also true for the siblings, they are in increasing order. As recursive trees are labeled
ordered trees, more than one recursive tree can be derived from an ordered tree with appropriate labeling, as shown by
Table 2.

We see that on all levels of this tree hierarchy the more refined sets of trees are non-uniformly assigned to the trees
of the levels above them. If, for example, we uniformly generate random recursive trees and discard the labels, then the
ordered trees, rooted trees, or simple trees thus obtained will not be uniformly distributed.

The enumeration or counting of various families of trees, both labeled trees and isomorphic variants, also has a long
history starting with Kirchhoff’'s and Cayley’s classical results for labeled undirected trees. Some families of trees have
been counted in the field of evolutionary phylogenetics, for details see Refs. [26,27] and the references therein.

In Table 3, we list the number of trees in various categories related to our work. Where no formula is given the numbers
were obtained by the Pdlya-Redfield advanced combinatorial method for counting isomorphism classes [7]. From the
table, we see that the number of trees grows steeply as the number of nodes and the degrees of freedom of the various
tree concepts increase.

The present analysis is restricted to a type of directed trees which can be used to illustrate the appearance of new
species in ecological systems through consecutive mutations [26,27]. In these systems, the species are labeled by i
(i =1,2,...,n) and arise from a common ancestor (i = 1) via consecutive mutations. Such an evolutionary process
is well described by a rooted tree where node i is connected by an incoming edge to node j if the ith species is a mutant
(direct successor) of species j (j < i). This directed tree graph can be represented by an (n — 1)-dimensional vector of
integers [ay, ..., a;] where q; is the label of the direct ancestor of species i and 0 < a; < i. This construction describes
the recursive trees mentioned above, and thus the total number of different scenarios is (n — 1)!.

Another alternative description of these systems tabulates the connections between the nodes in an antisymmetric
adjacency matrix A where Aj; = —A; = 1 if a directed edge runs from node i to node j (if i is the direct ancestor of j in
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Table 3
Number of trees, closed formulas are given where known.
Nodes Trees Rooted trees Ordered trees Recursive trees PORTs
[7] [7] Catalan numbers (n—1) (2n —3)
1 (211—2)
n\n-1
1 1 1 1 1 1
2 1 1 1 1 3
3 1 2 2 2 15
4 2 4 5 6 105
5 3 9 14 24 945
6 6 20 42 120 10395
7 11 48 132 720 135135
8 23 115 429 5040 2027025
9 47 286 1430 40320 34 459 425
10 106 719 4862 362880 654729 075

the biological terminology) and A; = 0 otherwise. Adopting the concepts of matrix decomposition [11,12], the adjacency
matrix A can be built up as the sum of a hierarchical (H) and a cyclic (C) component as
1 1
A=-H+ -C, (1)
n n

where the 1/n coefficients ensure that the elements of H and C are integers. The matrices H and C are orthogonal, that
is, their scalar product is zero:

H-C=) HyCy=0. (2)
ij
In the present approach, the sum of two or more graphs is defined by the sum of their corresponding adjacency matrices.
In graph theory, this extension is well defined for weighted directed graphs, and we will consider all graphs as such
henceforth. In Ref. [14], the reader can find examples illustrating how a single directed edge or loop can be built up
from two sets of elementary basis matrices. These basis matrices can be considered as axes of a coordinate system in the
(;)—dimensional parameter space of n x n antisymmetric matrices.
The hierarchical component can be built up as a linear combination of elementary hierarchical basis matrices as

H=) hH" where hj =) A;. (3)
i Jj

It is worth emphasizing here that consequently
2 Gi=2.G=0. (4)
i J

For simple directed graphs, h; is the difference between the number of the outgoing and incoming edges of node i, and
H® is the adjacency matrix of a starlike directed graph having edges that run from node i to all others. This set of matrices
has the following two inherent features: The elementary hierarchical components are not orthogonal to each other and
> H® = 0. As a result, only (n — 1) of the h; coefficients that define H are independent (3", hi = 0). This reflects the
equivalence of elementary starlike components within the whole set of directed graphs. The above-mentioned relations
give a simple expression for the elements of H, namely,

Hy = h; — hj. (5)

This feature also guarantees that the values of h; are determined by the hierarchical component, that is,
1
hi= - Z Hj. (6)
j

As a result, the hierarchical component is well characterized by the components of the vector h of the expansion
coefficients h; (hT = (hy, ha, ..., hy)).
Straightforward calculations lead to simple relations between some scalar products of the components, such as
nH-A=H-H=) (hi—hY=2n) h?=2nh-h. (7)
ij i
For all simple directed graphs, the scalar product A - A is determined by the number of the graph’s edges. For recursive
trees, however, this quantity is directly related to the number of nodes, namely,

A-A=2n—-1). (8)
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The proportion of hierarchical and cyclic components [12] can be quantified by their projections to A,

1H-H 1C-C
A==S—ad@=—5_——=1-4. (9)
n?A-A n2A-A
These global measures of topological features are determined by the vector h and n for all recursive trees. Any more
detailed quantitative analysis of the topological features requires the introduction of further measures that take into
account the cyclic component C, which can be built up as a linear combination of elementary cyclic components (C-i-k))
representing single three-edge directed loops with edges i — j — k — i under conditions i < j < k. Unfortunately,
the total number of these cyclic components, (g) exceeds the number of independent components, that is, (”;]) [12,14].
However, a convenient complete and independent subset of C:»¥)s can be selected by setting i = 1, which is a natural
choice for rooted trees. Then the cyclic component obeys a simple form:

Cc= Z Z (1, j, k)chik) | (10)

j k
51 k>j
where the off-diagonal elements of C directly determine the strength of the elementary components, that is, G = c(1, j, k).
The remaining elements in the first row and column of C are not independent from this set as a result of Eq. (4).

Based on the above, one can easily come to the conclusion that C; = 0 for recursive trees if the nodes i and j are
both leaves, since then A; = 0 and H; = 0 as h; = hj = —1, which through Eq. (1) indicates the disappearance of these
root-leaf-leaf cyclic components.

Most of the observations in this section concerning the decomposition of adjacency matrices, unless explicitly labeled
as being specific to the adjacency matrices of recursive trees, are directly applicable to general square matrices, too, with
the caveat that its hierarchical and cyclic components by definition only make up the antisymmetric part of a matrix, so
the definitions in Eqs. (1), (3), and (10) have to be adjusted accordingly.

3. Local and global measures

In the approach outlined above, the vector h can be interpreted as a local measure quantifying a relevant topological
feature of the hierarchical component for each node.

On the analogy of Eq. (6), we can introduce further similar local topological measures that are derived from H and C.
A straightforward extension of Eq. (6) leads to vectors h‘™ with components

(m)
h{ ZHU , (11)
where m is a positive integer. In this notation, nh = h("). We can also derive a similar vector, ™, with elements

<m) Z m (12)

which quantify the local topological features related to the cyclic component C. Note that ¢! = 0.

The quantities h™ and ¢™ do not contain explicit information about the special role of the root. This shortcoming
can be eliminated by adopting further local quantities. For recursive trees, the distance (d;) from the root (i = 1) to node
i is usually defined as the number of edges connecting these nodes [7]. The collection of these local measures can also be
thought of as an n-dimensional vector d with elements d; (d; = 0). In the following numerical investigations, we have
also distinguished a restricted distance vector f whose non-zero components are the distances of the leaves, that is, f; = d;
if h = —1 and f; = 0 otherwise. On the analogy of Egs. (11) and (12), we can derive further local vector measures d™
and f™ with components d™ = d" and f™ = f.

The scalar products of the above mentioned h(™), ¢™, d™ and f™ vectors with each other and the all-one vector
1 can be considered as global measures that quantlfy relevant topological features involving the cyclic and hierarchical
and leaf structures of a graph and the correlations between them. Using scalar products as global measures ensures that
their value does not depend on the labeling of the nodes. Consequently, these global measures have the same value
for all recursive trees that belong to the same isomorphism class when considered as rooted trees. The converse of this
statement, however, is not true, such global measures do not necessarily render unique values to different isomorphism
classes. In the rest of this paper, we consider the efficiency of these measures in distinguishing graphs that belong to
different isomorphism classes. The numerical investigation is conveniently simplified by the fact that these measures
take integer values for recursive trees.

4. Examples

First, we consider some examples to illustrate the applicability and efficiency of the measures introduced above. In
the first example, all successors arise directly from the same ancestor (i = 1). The corresponding graph is indexed as
[1,1,...,1] and it belongs to an extreme isomorphism class. It is a starlike directed graph with an adjacency matrix
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(1,1,2,2] (1,1,3,3] (1,2,1,2] [1,2,2,1]

Fig. 1. Four n = 5 recursive trees that belong to the same isomorphism class when considered as rooted trees.

A = HY, This graph has no cyclic components (C = 0, and consequently ¢™ = 0 Vm) and its hierarchical elementary
components are given by the vector h (hT = (n — 1, —1, ..., —1)). This graph maximizes several global measures for
arbitrary n, including the proportion of the hierarchical component (A = 1), the number of leaves (n — 1), and h - h
(n(n — 1)).

All non-starlike recursive tree graphs have a non-zero cyclic component. The proportion of the hierarchical component
is minimal for line graphs indexed by [1, 2, ..., n — 1]. Simple calculations give hT = (1,0, ...,0, —1), h-h = 2, and the
proportion of the hierarchical component (A = H-H/(n?A - A) = 1/n) goes to zero as n — oo. Line graphs minimize the
number of leaves and the value of h - h, too.

After the two extreme recursive trees above, consider now a five-node (n = 5) graph indexed as [1, 1, 2, 2]. The 24
n = 5 recursive trees can be sorted into 9 isomorphism classes when considered as rooted trees [7]. Fig. 1 shows three
other recursive trees isomorphic to [1, 1, 2, 2]: [1, 1, 3, 3], [1,2, 1, 2], and [1, 2, 2, 1]. Here we have to emphasize that
the correspondence between the indices and the portrayed two-dimensional representations of the graphs follows simple
rules. Namely, the arrows point downward, the labels increase from left to right, and nodes that share their ancestor are
placed equidistantly along the same horizontal line.

The adjacency matrix of the graph [1, 1, 2, 2] is

0 1 1 0 0
-1 00 1 1
A=|-1 o0 0 0 0. (13)
0 -1 000
0 -1 0 0 O
The non-zero elements of A are directly defined by the index, that is, A; = —A; = 1ifi = g for all j > 1. This

relationship can be utilized in systematic numerical investigations. According to Eq. (6), hT = (2,1, -1, -1, —1) for
the graph [1, 1, 2, 2], and the corresponding hierarchical and cyclic components are

0 1 3 3 3 0 4 2 -3 -3

-1 0 2 2 2 -4 0 -2 3 3
H=|-3 -2 0 0 O andC=| -2 2 0 0 o] . (14)

-3 -2 0 0 O 3 -3 0 0 0

-3 -2 0 0 O 3 -3 0 0 0

The other three isomorphic recursive trees have different h and ¢ vectors and H and C matrices. Nonetheless, their global
measures are identical. For example, A- A = 8 and h - h = 8 for all of them.

Visually, these parameters translate to the following: The [1, 1, 2, 2] recursive tree can be built up from all five starlike
hierarchical and just three of the six independent three-edge cyclic components, with weight factors proportional to h;
and Gy; for j > 2. The [1, 1, 2, 2] graph has three leaves (i = 3, 4 and 5), and the vanishing elements of its C matrix in
Eq. (14) make explicit the absence of elementary cyclic components of three-edge loops involving the root and any two
leaves.

The set of n = 5-node recursive trees has 9 isomorphism classes. These obviously cannot be identified by those single
global measures that take fewer distinct values. For example: The number of leaves can only be 1, 2, 3, or 4; h- h exhibits
just 6 different values; there are only 8 possible outcomes when measuring d - d or hV . ¢{?), At the same time, f - f and
hM . ¢® both take 9 different values and are able to correctly identify the isomorphism classes. In the next section, we
consider these capabilities for larger n.

5. Distributions and averages

We have performed numerical investigations to determine the different values a wide range of global measures
mentioned above can take. Fig. 2 shows the number of n = 7-node recursive trees characterized by the same values

6
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Fig. 2. Distribution of the number of recursive trees characterized by two measures, h® - 1 and 2 . ¢®), for n = 7. The marginal distributions are
shown by vertical columns along the axes and the dashed lines indicate their average values (quantitatively 168 and 770) over the whole set.
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Fig. 3. Lin-log plot of the number of recursive trees (W), their isomorphism classes () and the different values for the number of leaves (4), h® -1
(A), £2 . h? (v), and f2) . ¢? (x) can take for recursive trees, as a function of the number of nodes n. The continuous lines denote analytical
results.

of h® .1 =H . H and f? . ¢®. There are 720 such graphs in total, and they can be sorted into 48 isomorphism classes.
Six of the isomorphism classes contain only a single graph. All these graphs have an obvious symmetry reflected by
their indices: [1,1,1,1,1,1],[1,2,2,2,2,2],[1,2,3,3,3,3],[1,2,3,4,4,4], [1, 2, 3,4,5,5],and [1, 2, 3, 4, 5, 6]. Most
of the global measures are not able to identify the isomorphism classes on their own. For example, the quantity h - h
and global measures strongly related to it (e.g., H- H and C - C) take only 12 different values as shown in Fig. 2. On the
other hand, the maximum number of different values (48) is replicated by the quantification of £ . ¢, For other global
measures, the number of different values varied between a minimum of 6 and the maximum. For example, h(V . ¢3) is
able to distinguish 38 classes. Evidently, using combinations of two or three global measures enhances their capability of
distinguishing isomorphism classes.

Fig. 3 shows the number of different possible values of some global measures we studied, as a function of n (n < 14).
The total number of recursive trees (given in the book by Harary [7]) is also plotted for comparison. These numerical
analyses are limited by the technical difficulties related to the exponentially increasing numbers of both the recursive
trees themselves and the different values the global measures can take. Disregarding weak irregularities, most of these
quantities increase exponentially with n. Notable exceptions are the number of different possible values of leaves and
h - h, which both increase linearly with n.

It is noteworthy that the quantity f2) . ¢® is able to distinguish the largest number of isomorphism classes. Fig. 3,
however, shows clearly that even this quantity is not capable of identifying all isomorphism classes on its own when
n > 7. Combinations of two or more global measures can be used to refine the quantification of topological features, as
illustrated by Fig. 2, but these methods still suffer from the same technical difficulties imposed by exponential increases.

The iteratively generated nature of trees allows us to calculate the averages of certain topological quantities over the
general set of same-sized recursive trees without detailed knowledge of their distribution. Each (n+ 1)-node recursive tree
can be uniquely obtained by attaching a new leaf to an n-node recursive tree. If we can track how this process changes
the quantity in question, we can derive the n-dependence of its average by induction. For example, the number of leaves

7
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remains the same when the new leaf is attached to a (former) leaf, and increases by 1 otherwise. This means that the
increases contribute as many additional leaves to the (n 4+ 1)-node set as there are non-leaf nodes in the n-node set on
top of the ‘original’ leaves that are carried over to all n successors of each tree for a total of

Iin+1)=nln)+ [n(n — 1)! —I(n)] = (n — DIl(n) +n!. (15)

Dividing by n!, we get for the averages:

In)+1. (16)

n+1)="

It is easy to check that this result is consistent with I(n) = n/2, which obviously holds for n = 2.

By the same token, we can calculate the set average of quantities of the form h™ = > hi" by observing how adding an
additional node to a tree changes its h;. Since h; is the net number of incoming and outgoing edges at node i, all attaching
a new leaf to node j does is it increases h; by 1 and introduces h,1 = —1. As a result, the total increase in h™ for a
single tree is Ah™ = (h; + 1) + (—1)™ — h". This means that each tree in the n-node set contributes its original h™ to
all of its n successors in the (n + 1)-node set as a baseline, which is modified by the appropriate Ah™ for each node’s
corresponding successor. Dividing the sum by n!, we again get a recursive expression for the averages:

_ _ 1—
hm(n + 1) = h(m(n) + HAh(””(n), (17)

where h(™(n) is to be calculated as if the changes applied to all nodes of all n-node trees at the same time, that is, as the
sum ) Ahgm) =3 [(h,- + 1"+ (-1)" — h}"] averaged over all (n — 1)! n-node recursive trees. In particular, for m = 1,
2, and 3 this means:

h(n + 1) = hD(n) + 0, (18)
I I 2

Hn + 1) = KO(n) + ~h(n) +2, (19)
h®)(n + 1) = h®(n) + %ﬁ(n) + %W(n). (20)

Starting from the base case of n = 2, when h” = (1, —1) and h(2¥+1(2) = 0 for odd and h(2%)(2) = 2 for even exponents,
it is easy to show by induction that

hD(n)=o0, (21)

h@(n) =2(n—1), (22)
n—1

f1(3)(n)=6<n—1—2’1<>. (23)
k=1

These calculations predict that the average value of A, the proportion of hierarchical components, over the set of
recursive trees is 2/n. Similar results are found via numerical simulations when the average value of A is determined
over the larger set of simple (random) directed graphs [12]. This general result coincides with the feature that a single
directed edge can be built up from two starlike hierarchical and (n — 2) directed three-edge cyclic components [14].

6. Summary

In this study, the concept of the decomposition of antisymmetric matrices into cyclic and hierarchical components
is adopted to extend the quantitative analysis of topological features in recursive trees. This framework is based on the
notion of addition (linear combination) of directed graphs. This approach can be considered as the introduction of basis
directed graphs from which all directed weighted graphs can be built up. The most striking message of this approach is
that it reveals cyclic components that are hidden when directed trees are observed visually. The mathematical relationship
between the cyclic and starlike hierarchical components has allowed us to introduce measures that give more detailed
information about the topological features of these directed graphs.

We have chosen recursive trees to demonstrate the applicability and capabilities of these measures, because the
presence of a unique root naturally designates a convenient independent set of three-edge directed loops whose linear
combinations span the cyclic component for all weighted directed graphs. Other advantageous features of this set of
directed graphs includes their recursive structure (facilitating analytical calculations) and easy indexability (simplifying
the numerical investigations).

We have found that the hierarchical component is well defined by a vector h that counts the difference between the
outgoing and incoming edges for each node. For recursive trees, this vector also determines the scalar products of the
adjacency matrices of the cyclic and hierarchical components as well as their proportions defined as projections. Due to
the close relationship between these matrix scalar products the number of different values they can take are identical for
these quantities.
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On the analogy of the h vector, we could introduce additional vectors to describe further local topological features.
The scalar products of these vectors can also be used as global measures of topological features, as they assign the same
integers to recursive trees that belong to the same isomorphism class when considered as rooted trees. These scalar
products quantify the correlations between different local measures derived from the leaf structure and the adjacency
matrices of the hierarchical and cyclic components. Our efforts are focused on counting the number of different values
a limited set of these global measures can take. The closer the number of different values a given measure can take is
to the number of isomorphism classes, the more capable it is of providing a detailed classification of the graphs based
on their topological features. We found that global measure that combine fundamentally different topological features
have the highest resolving power. Although the number of different values one such promising measure involving the
cyclic and leaf structures of the graphs can take increases exponentially with n, it still becomes unable to distinguish all
isomorphism classes when n > 7. Evidently, the resolving power of this approach is increased by considering two or more
suitable global measures simultaneously.

In light of our observations, the most promising direct application of these measures may be in the quantitative
analysis of evolutionary processes through some of their topological features, as the average and expectation values and
(simplified) distributions of global measures over sets of directed graphs could serve as a base of comparison and thus help
reveal hidden relationships. One such field of research, where our approach could possibly provide new insights, is the
study of phylogenetic trees, whose actual topology and scaling behavior has already been - basically in the spirit outlined
above - compared to the extreme cases of balanced and maximally unbalanced binary trees by previous research [28,29].

A similar approach could also prove to be useful in the analysis of payoff matrices, where its core idea of matrix
decomposition originated. Typically, especially when the players are assumed to be rational, the order in which its pure
strategies are labeled is immaterial to the description of a game. However, choosing a different labeling will obviously lead
to a formally different payoff matrix with permutated entries, obscuring the connection. Conversely, numerous seemingly
different matrices in seemingly different models (or even fields of research) may actually define the same game theoretic
situation. This equivalence of payoff matrices is analogous to the isomorphism of weighted looped graphs, a general
version of the simple directed graph isomorphism problem we considered in the special case of recursive trees in this
paper. In some situations, certain payoff components or payoff scaling can also be irrelevant to game theoretic outcomes,
which could further complicate identifying equivalent descriptions [30].
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