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On the product Preisach model of hysteresis 
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Abstract. The product model is an output dependent modification of the traditional Preisach model in order to remove its non-real congruency property. The differential susceptibility is proposed to be a product of a magnetization dependent factor and an expression containing two terms: one for the reversible process and an integral of a Preisach type distribution for the irreversible part. Thus the magnetization is an indirect function, in which the saturation is a natural property of the hysteresis model, and the reversible and irreversible parts of the magnetization are added up indirectly. The envelope function is related to the paramagnetic process and in the specific case of uni-axial anisotropy it is a hyperbolic tangent function. The measurement of the anhysteretic curve may provide the direct link to the evaluation methods of experimental data applied for traditional Preisach modeling.
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Introduction
A statistical system of magnetic units (spins, clusters, domains, fine particles, grains, etc.) is complex enough to provide a model for the behavior of many other types of collective systems. As an example, the magnetization curve of a ferromagnetic body can represent hysteresis phenomena in general and can reflect many characteristic features of a whole class of non-reversible transition processes, e.g. first order phase transition, piezoelectric deformation, ferroelectric polarization, etc. 

The irreversible character of hysteretic phenomena is related to a lagged response of the macroscopic system to an external action due to statistical memory effects. Such lag is different from time delay; hysteresis is considered rate independent and does not involve time dependent dynamic relaxation. The time scale of microscopic structural changes in the material is much smaller than that of the macroscopic changes in the control and the averaged state parameters.

The scientific knowledge about hysteresis has been developing similarly to other physical theories from empirical findings and experimental data collections through different macroscopic and microscopic levels of phenomenological description possibly towards an efficient concise summarizing theory. 

The most important empirical properties of the hysteretic magnetization process have been known for about a century now. A phenomenological description has been introduced in 1935 by Ferenc Preisach [1] for the calculation of the details of magnetic hysteresis loops in ferromagnetic materials, which proved to be surprisingly efficient. The Jiles-Atherton model [2] is another example of alternative phenomenological models still at the macroscopic level.

Micromagnetic and ab initio microscopic models concentrate more on the intellectual understanding and explanation of phenomena and the physical interpretation of general properties is more important for such models than a direct relation to experiments. The classical micromagnetic model of Stoner and Wohlfarth [3] concentrates on the magnetization reversal of anisotropic single domain particles and although the applicability to real materials is limited, still their theoretical results contributed considerably to the magnetic materials science, e.g by providing a possible representation of abstract hysterons. Micromagnetic treatment of domain walls, reversible bowings and irreversible jumps between pinning centers (e.g. [4]) is a similar modeling example. 

A new generation of ab initio microscopic models of hysteresis appeared in this decade applying computer simulation concepts used in statistical physics. These recently published models [5,6,7,8,9] are based on the zero temperature rectangular hysteresis loop of the ferromagnetic Ising model. The definit value of the transition field can be smeared over in computer experiments of zero temperature Monte Carlo simulation to give realistic looking hysteretic transition intervals by the introduction of randomness as imposed local random fields [5] or random exchange couplings in spin-glasses [6,7] or directional eventualities of the dipole-dipole interaction [8,9]. It is to be clarified already whether a finite temperature Ising-like hysteresis model can be possible at all up till the Curie point. 

The most important results on hysteresis modeling are summarized in a number of useful monographs published during the last decade [10,11,12]

Recent attempts are to be mentioned aiming at the harmonization of the basic ideas of the Preisach type models with those of the Jiles-Atherton model [13] by energy relations as well as at the connection of hysteresis phenomena to the level-crossing problem in stochastic processes [14]. Such works may rightly be considered as possible steps towards the hammering out of a theoretical framework with the ambition of connecting and summarizing the results of earlier empirical descriptions and phenomenological models.

In the above landscape the product Preisach model [15,16], to be revisited in this paper, represents an attempt of widening the scopes of the traditional Preisach model from the points of view of both phenomenological explanation and empirical description. The product model can provide a straightforward explanation for the saturation, the interconnection of reversible and irreversible contributions of magnetization curves and can support an efficient data compression procedure of hysteresis measurements in a class of magnetic materials.

Scalar Preisach modeling
In the Preisach model the magnetic history of a system is determined by a series of consecutive field reversal points H0, H1,...Hk,.., and each branch of the magnetization curve connecting such points is calculated as a double integral of the two-variable Preisach function P(h,h'). The Preisach function represents the statistical distribution function of abstract elementary magnetic particles, called hysterons of given up-switching (h) and down-switching (h’<h) fields.

Thus a magnetization change along an ascending branch between Hk and a higher value, Hk+1>Hk, may be calculated as an E(Hk,Hk+1) Everett integral [17]:


[image: image17.wmf].


(1)

Simple formal calculation may prove that the obvious symmetry of magnetization processes, that is  M(Hk+1)-M(Hk) = M(-Hk)-M(-Hk+1), leads to a reflection symmetry of P(h,h') about the  h’ = (h  line in the (h,h') plane, that is:  P(h,h’)=P((h’,(h).

Any complex magnetization process can be followed by summing up the contribution of each unidirectional field change between reversal points, as consecutive Everett integrals, remembering that an Everett integral is negative by definition when Hk>Hk+1. The starting point may be chosen as the demagnetized state with M=0 at H=0, to be obtained by heating up to the Curie point and then cooling back, or by agitating with an alternating magnetic field of decreasing amplitude. Thus, for a magnetization process with field reversals at H0, H1,...,Hk,...,Hn we can write:
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(2)

Two important properties have been considered as intrinsic features of the traditional Preisach model [10]: the wiping out property, which imposes a constraint on the relation between consecutive reversal points, and the congruency property, which emphasizes the field-only dependence of the calculated magnetization curves. It is easy to prove that the Everett-integrals always give congruent magnetization branches with zero starting slope between the same reversal point limits irrespective of the previous history of field changes and the actual value of M. 

Some experimental data, however, do not support the validity of the congruency property [18,23,24]. Measured minor loops show a tendency of being higher in M in the vicinity of the H-axis (M = 0) than close to the saturated state. The starting slope in reversal points shows similar behavior. The congruency property, incompatible with experimental facts, proved to be the main weakness of the traditional Preisach model. The magnetization dependent "moving" [19,20] and "product" [15,16,20] models as well as the field history dependent model of Wiesen and Charap [21] were examples of several attempts for the explanation of non-congruency. 

The solution of the inverse problem that is the calculation of the Preisach function from measured data involve the mapping of the entire H-M plane, but at least the first order reversal points on the main loop [10]. 

The product model
The differential susceptibility in the traditional Preisach model can be written as:
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(3)

where m(h) = M(h)/MS  is the normalized magnetization, h is the actual value of the magnetic field,  MS is the saturation magnetization, h0 is the last point of field reversal and p(h,h') = P(h,h')/MS. The congruency property and the zero value of the starting susceptibility in the reversal point are obvious consequences of this form dependent only on the magnetic field.

In the product model the congruency property is eliminated by assuming that the susceptibility depends on the magnetization in a manner determined by the experimental data. The magnetization dependence and the field dependence of the susceptibility is separated into independent multiplying factors. The non-zero value of the turning point susceptibility is taken care of by a simple term added to the Preisach type hysteretic integral, and thus we assume the following form:
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(4)

The magnetization dependent saturation limiter, R(m), does not involve any field dependence, should be an even function of m due to symmetry, have a maximum at m=0 and goes to zero when approaching saturation. The simple form R(m)=1–m2 satisfies these requirements. It is assumed that the two terms of the other factor are both independent of m. The term ( is the initial susceptibility of the virgin state in the origin, it is assumed to be constant or might depend on h and thus its magnetization contribution changes reversibly during the history dependent integration procedure. The integrand inherits the main properties of the Preisach function and contributes to the irreversible magnetization. The symmetry property of the two-variable function:  q(h,h’)=q(-h’,-h)  may be considered as an equation for possible separation of variables and its simple solutions are widely used in Preisach modeling. The traditional Preisach model can be regained by substituting R(m)=1 and (=0.

Model magnetization curves, which are non-congruent, can easily be calculated numerically from the differential susceptibility if R(m), ( and q(h,h’) are known with enough numerical precision. The additional benefits of the product model, however, can be seen better by studying the analytical form of the expressions. 

The product form of the derivative of the magnetization suggests, that the magnetization itself should be an indirect function of the applied magnetic field: 
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Then the expression of the differential susceptibility will be given as:
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From the last two equations simple formal integration can provide the form of the envelope function G(() from the limiter R(m), as well as the kernel function ((h) from ( and q(h,h’). 
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where F(Hk-1,Hk) is the modified Everett integral. Combining these equations: 
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Tracing back the magnetization curves by iteration from the demagnetized state: H0=0, m0=0 through n field reversals up to a general m(H) point we can write: 
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where G-1(m0)=0 disappears since G-1(m), the integral of an even function is an odd function. 

The obtained expression for the magnetization process is a transformation of the modified traditional expression of Everett-like integrals, that is equation (2), for the irreversible changes with the addition of a reversible term (H.
Discussion

The transformation function G(() may be quite general and its form is connected to the limiter function R(m). The properties of R(m) guarantee that saturation is a natural intrinsic property of G((). Thus the argument ((H)=((H+(F) may eventually grow to any large positive or negative values, the magnetization M cannot reach, let alone exceed the saturation magnetization Ms by virtue of the transformation procedure of the product model. 

In the product model with known model functions and parameters (R(m) ( and q(h,h') the non-congruent hysteresis loop branches are totally determined by the values of the magnetic field and magnetization in the starting reversal point. Apart from the wiping out property the earlier history does not influence the hysteresis curves and this circumstance emphasizes the Markovian character of the reversal points in the magnetization processes in the sense, that the evolution of the process depends only on the actual state and does not depend on the details of previous history.

The non-hysteretic reversible part of the magnetization as a function of the external magnetic field and its coexistence with the irreversible hysteresis loops has not been clarified yet in the literature with sufficient detail. The possible realizations of the abstract concept of a hysteron, e.g. the Stoner-Wohlfarth particles or the bowing and jumping domain walls behave partly in reversible and partly in irreversible manner, thus the relation between the energy storing and dissipating contributions within the magnetization process is to be investigated. 

For the clarification of the character of the envelope transformation function G(() and the role of the reversible part a closer inspection of the specific case of R(m)=(1–m2) deserves some attention. Population dynamics related consideration suggests [16], that in a material of uni-axial anisotropy the susceptibility should contain a (1-m2) term.  In this case the integration gives: m(h)=G{((h)}=tanh{((h)} for the transformation function. Neglecting the irreversible hysteretic term, that is for (F=0, the magnetization curve m(h)=tanh((H) follows exactly the theoretical paramagnetic function of a two-state uni-axial spin system (s=½). The result is that in the uni-axial case the paramagnetic m(h) function and the saturation transformation function are identical.

This uni-axial example may suggest a quite plausible generalized application for materials of more complicated symmetry, that is: in any material the magnetization curve of the paramagnetic state would represent the transformation function G((H) of that material and the hysteretic curve in the ferromagnetic state could be produced by finding the (F irreversible Everett integral terms and adding them to the reversible (H argument of the function. The only question remains: how would it be possible to measure the paramagnetic magnetization curve in a ferromagnetic material below the Curie temperature? We propose to use the anhysteretic curve instead of the paramagnetic one as the best possible approximation. This proposal is compatible with the domain wall related interpretation of the product model given by Basso and Bertotti [12,25] suggesting that R(m) "measures the total wall surface area present at various levels of magnetic saturation". According to our proposal the equilibrium surface area of domain walls is considered proportional to the slope of the measured anhysteretic curve at given values of the field and magnetization. The method of generating the anhysteretic curve ensures that its differential susceptibility (see equation (4), h(h0 for the last section) is not influenced by the irreversible terms. Thus in the case of uni-axial materials the common identity of the paramagnetic and the calculated anhysteretic curves is proven and this supports the proposal that the transformation function G(() and its derivative R(m)=(dG/dH)n (normalized to give R(0)=1) can be deduced from the measured anhysteretic magnetization function for any material.

In the product model the reversible and irreversible magnetization contributions are combined in a rather realistic way. The susceptibilities are additive and both contain the saturation limiter expression. Thus the magnetization can never exceed the saturation value. It is true that in a measured magnetization curve the two contributions can not be easily separated and this problem is well known among the practical experts working with magnetization measurements. The model, however, can provide practical means for the derivation of the functions and parameters necessary to describe the thorough behavior of the magnetic system. 

The limiter function R(m), as deduced from the anhysteretic curve, can be applied for the derivation of ( and q(h,h') using the traditional methods [10]. In some classes of magnetic materials the bilinear factorization [15,16] of the distribution function into the form  q(h,h’)=((h)((-h’)  is a justified and valid step [26]. The physical meaning of this factorization may be the probability distribution of two interconnected actions governed by the same partial distribution: an up-switching at field h and a down-switching at h', that is tha distribution of a hysteron itself. The single-variable ((h) in a real material (with R(m) and () comprises the totality of the information contained in the measured hysteresis loops if the validity of such Preisach modeling can be assured. Such a model represents a concise method of data compression and ((h) may be called coercivity function. 

With known R(m) and ( the problem of determining ((h) from experimental magnetization curves is straightforward, needs only measured data of one branch of the main hysteresis loop and can be performed by discretizing the magnetic field axis and finding the positive solutions of a system of algebraic equations. This ((h) determined from the experimental can be further analyzed and correlated to the microscopic properties of the material and thus the empirical data contained in a hysteresis curve may find their basic meaning and application in a better established physical picture of non-reversible transition processes

Conclusion

A modification of the Preisach model was proposed in order to eliminate the non-real congruency property, and the suggested changes proved to be beneficial from other points of view too. In the presented bilinear product model the magnetization is an indirect function of the magnetic field and the saturation will be an intrinsic, natural property of the magnetization curves due to the applied mathematical transformation. Furthermore the reversible and irreversible contributions are composed and treated together in the argument of the indirect function. The evaluation of experimental data and the determination of the model parameters need the measurement of the anhysteretic curve and one branch of the major hysteresis loop. The coercivity function is closely related to the microscopic properties of the material. 
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List of corrections


In the manuscript:  MS No. 15008 (to be published in Physica B) the following corrections are respectfully requested (correction emphasized by enlarged characters, to be corrected with normal size characters, of course):

1)
Page 2, column 2, paragraph preceding Eq. (2)     (lower index  "0"  to be inserted)


"The starting point ... with  M=0 at    H0=0,    to be obtained ..."

2)
Page 3, column 1, paragraph after Eq. (4)   (reference number [22] and greek letter  (  to be inserted)


"The symmetry property ... and its simple solutions   [22]   q(h,h’)=((h)((-h’) and q(h,h’)=((h-h’)(((h+h’() 

3)
Page 4, column 1, paragraph 1   (comma, space and closing parenthesis to be inserted)


"In the product model ... and parameters (R(m), ( and q(h,h')) the non-congruent ..."

4)
Page 4, column 2, paragraph 3   (reference number 22 to be inserted)


"In some classes ... factorization [5,16,22] of the distribution ...

5) Page 5, column 1, section 6. 


With corrections 2) and 4) above this section is unnecessary, Ref. [22] is cited twice.

Thanks, sincerely yours 

Budapest, 15 November, 1999.

(G. Kádár)
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